It is shown that the spectral index of density perturbations due to a massless curvaton in flat potential inflation models of the form V = V o + ∆V (s), where 
Introduction
It has recently been proposed that the energy density perturbations leading to cosmological structure formation could originate in a scalar field other than the inflaton [1, 2, 3] . This has been called the curvaton scenario [3] . Several particle physics candidates for the curvaton have been proposed [4, 5] . The curvaton should be an effectively massless scalar field during inflation, in order that de Sitter quantum fluctuations are unsuppressed, but should come to dominate the energy density of the Universe before it decays. In this case the inflation energy scale is decoupled from the magnitude of the cosmic microwave background (CMB) temperature fluctuations. This could be an advantage in some models of inflation, in particular supersymmetric (SUSY) hybrid inflation models [6] .
Hybrid inflation models [7, 8] are a favoured class of inflation model, due to their ability to account both for a sufficiently flat potential during inflation and a sufficiently large inflaton mass for reheating after inflation, without requiring small couplings.
In the context of supersymmetry (SUSY), a particularly interesting class of hybrid inflation models are the D-term inflation models [9] . This is because these naturally evade the η-problem of supergravity (SUGRA) inflation models [10] i.e. the generation of order H SUSY-breaking mass terms due to non-zero F-terms during inflation. Thus D-term inflation models are favoured, at least as low-energy effective theories 1 .
However, the high precision observations of the cosmic microwave background (CMB) temperature fluctuations made by the Wilkinson Microwave Anisotropy Probe (WMAP) [13] have introduced a difficulty for D-term inflation models. The contribution of U(1) F I cosmic strings, formed at the end of inflation, to the CMB is too large unless the superpotential coupling satisfies λ < ∼ 10 −4 [6] . This is an unattractive possibility if the motivation for hybrid inflation models is that inflation can proceed with natural values of the dimensionless coupling constants of the order of 1.
The cosmic string problem and constraint on λ arises if the energy density perturbations responsible for structure formation are due to conventional inflaton quantum 1 It may, however, be non-trivial to obtain a D-term inflation model from a more fundamental theory [11] , although brane-based examples have recently been proposed [12] .
fluctuations. However, if the energy density perturbations were generated by a curvaton, it might be possible to reduce the energy density during inflation such that the cosmic string contribution to the CMB is acceptably small [6] .
WMAP has also reported a significant deviation from a scale-invariant density perturbation, based on a best-fit cosmological model using complementary CMB, largescale structure and Lyman-α data [13] . Therefore it is important to consider not only the magnitude but also the spectral index of the curvaton density perturbations. In this paper we consider the spectral index in curvaton scenarios in which the curvaton is effectively massless and so constant during inflation and in which the potential during We will show that only way to produce a significant deviation from scale-invariance is to have a significant change of the curvaton field over an e-folding, which requires an effective mass for the curvaton during inflation which is not very small compared with H.
The paper is organised as follows. In Section 2 we discuss the spectral index of the curvaton in general flat potential inflation models. In Section 3 we apply these results to the case of D-term inflation. In Section 4 we present our conclusions.
Flat Potential Inflation Models
The energy density perturbation on a length scale corresponding to present wavenumber k (more precisely, the square root of the power spectrum as a function of k [3] ) in the curvaton scenario is given by,
where φ is the curvaton, assumed effectively massless during inflation (mass small compared with the expansion rate H) and the right-hand side is evaluated when the length scale of interest exits the horizon at N e-foldings before the end of inflation.
This assumes that the super-horizon perturbation of the curvaton evolves in the same way as the mean value of the curvaton, such that δφ/φ is constant. This is true for a curvaton whose post-inflation dynamics are determined by a φ 2 potential [5] .
We are interested in flat inflaton potentials of the form
where s is the inflaton, V o is the dominant constant term and ∆V (s) is the deviation from flatness required for evolution of the inflaton. This form of potential is typical of the majority of existing inflation models. In particular, SUSY inflation models have a potential of this form for values of the inflaton field large compared with the symmetry breaking critical value which ends inflation [8, 9] .
The spectral index n is related to the energy density perturbation of present wavenumber k by
Thus
(This assumes that n is slowly varying with k.) We first consider the case where the curvaton does not evolve during inflation. In this case, using δ ρ (k) ∝ H ∝ V 1/2 for the curvaton, we obtain
The wavenumber at present is related to the scale factor at horizon crossing during inflation (wavelength λ = H −1 ) by k = 2πHa k /a p , where a k is the scale factor at horizon crossing, a p is the scale factor at present and H is the expansion rate during inflation, assumed approximately constant. a k is related to the number of e-foldings of inflation following horizon crossing, N, by
where a e is the scale factor at the end of inflation. Thus k ∝ e −N and dN/dk = −1/k.
From this we see that in order to have a significant deviation from scale invariance the change in ∆V over an e-folding when scales of cosmological interest leave the horizon, N ≈ 50, cannot be very much smaller than V , which is incompatible with having ∆V ≪ V throughout inflation. This can be stated more precisely for the case of a slow-rolling inflaton. If the inflaton s is slow-rolling, as is necessary in order to have a sufficiently long period of inflation, then
The number of e-foldings from time t until the end of inflation at t e is given by N = te t Hdt. Therefore dN/dt = −H. Eq. (8) can then be restated as
where M = M P l / √ 8π. Therefore, for a slow-rolling inflaton Eq. (7) becomes
(We note that this always results in a red perturbation spectrum, n < 1.) From this we see that in order to have a significant deviation from scale-invariance, the change in the inflaton field during an e-folding would have to be not much less than M.
WMAP has reported a deviation from scale invariance, n = 1.10 e-foldings of inflation if the value of s was significantly larger than M during inflation, which is not the case in most inflation models. (In addition, the slow-rolling curvaton perturbation is red, which is not compatible with the WMAP best-fit result.) Thus, rather generally, the curvaton scenario with a constant curvaton during inflation and flat inflaton potential will have a spectrum of energy density perturbations which is very close to scale-invariant.
In order to produce a significant deviation from scale invariance it is necessary to give the curvaton φ an effective mass during inflation which is not too much smaller than H, such that φ evolves during inflation. In this case the spectral index becomes
where the last term comes from the evolution of the curvaton. Thus the curvaton must change significantly over an e-folding in order to produce a significant deviation from scale invariance. N decreases as inflation proceeds, therefore if φ increases with time the contribution of the last term will be negative, corresponding to a red perturbation spectrum (n < 1), whereas if φ decreases with time the last term is positive, corresponding to a blue spectrum (n > 1).
It is possible that a cH 2 correction to the curvaton mass squared arises in supergravity (SUGRA) inflation models due to an F-term contribution to the potential energy. This has previously been noted in the context of a specific SUSY curvaton model, in which the curvaton is a right-handed sneutrino [5] . During inflation the 2 An more specific form for the spectral index, valid for the case of a curvaton evolving due to a constant mass squared term small compared with H 2 , is given in Lyth and Wands [3] , whilst the contribution of the evolving curvaton was first noted by Linde and Mukhanov [1] .
curvaton satisifes the equation of motion
This has a solution φ ∝ a γ , where γ = [−3 + √ 9 − 4c]/2. Thus for 4c/9 ≪ 1 we have γ ≈ −c/3 and φ ∝ a −c/3 . Thus the value of the curvaton field at N e-foldings before the end of inflation (i.e. at scale factor a ∝ e −N ) satisfies φ ∝ e cN/3 . Therefore, from
Eq. (11), we find [3, 5] ,
The WMAP best-fit results also suggest that the spectral index runs from blue (n > 1) on large scales to red (n < 1) on small scales. It is interesting and possibly significant that either a blue or red spectrum of perturbations can be obtained depending on the sign of c. If it were possible for the sign of c to change during inflation then it may be possible to account for such a running spectral index. This could happen if there were two time-dependent F-term contributions to the energy density, each producing a cH 2 correction with a different sign.
Spectral Index in the D-term Inflation/Curvaton Scenario
We next apply the above results to the case of D-term inflation. We first review the relevant features of D-term inflation [9] .
For s large compared with s c , the critical value of s at which the the U(1) F I symmetry breaking transition occurs, the 1-loop effective potential of D-term inflation is given by V = V o + ∆V , where [9] 
and where Λ is a renormalisation scale, g is the U(1) F I gauge coupling and ξ is the Fayet-Illiopoulos term. During slow-rolling the inflaton evolves according to
This has the solution
where s is the value of the curvaton at N e-foldings before the end of inflation. For
c the number of e-foldings until the end of inflation is related to s by
where we have used
Thus, with a constant curvaton during inflation, the spectral index is given by
With N ≈ 50 we find
Therefore the deviation from scale-invariance in the D-term inflation/curvaton scenario is much less than that indicated by the WMAP best-fit results. This would rule out the D-term/curvaton scenario with a constant curvaton during inflation as a solution of the D-term inflation cosmic string problem [6] if the WMAP best-fit result is true.
As discussed in the previous section, in order to produce a significantly scaledependent perturbation spectrum we require a mass for the curvaton during inflation which is not much smaller than H, so causing the curvaton to roll. A constant bare mass term would have to be coincidentally close to H. The alternative would be to induce a mass squared term during inflation via a significant F-term contribution to the potential energy, resulting in a cH 2 correction to the inflaton mass squared with |c| not very small compared with 1. This would require the F-term contribution to be not very much smaller than the dominant D-term inflaton contribution. Therefore some degree of coincidence seems to be necessary in order to have a significant deviation of the spectral index from unity.
However, if we follow the logic of SUSY hybrid inflation -the η-problem solution favours D-term inflation, the cosmic string problem indicates a curvaton, and the WMAP best-fit result of a deviation from a scale-invariant spectrum suggests a significant F-term contribution to the potential energy during inflation -then we are led to the conclusion that the potential energy during inflation must have a more complex structure than in the simple D-term inflation model. This is also indicated independently by the running of the spectral index suggested by the WMAP best-fit model.
This suggests that there may be a connection between the D-term inflation/curvaton scenario and the running spectral index.
Conclusions
We have shown that most inflation models, which can be characterised by a flat potential with a small correction which drives the evolution of the inflaton, result in a curvaton perturbation spectrum which is very close to scale-invariant. This is in These results assume that the curvaton is effectively massless during inflation and therefore constant. If the curvaton rolls during inflation then a significant deviation from scale-invariance can be achieved. However, this requires that an effective mass for the curvaton not much smaller than H exists during inflation, which seems to require some degree of coincidence, such as a significant F-term contribution to the potential energy during D-term inflation, leading to a cH 2 correction to the curvaton mass squared term with |c| not very small compared with 1. In this case the perturbation spectrum can either be blue or red, depending on the sign of c. It would be interesting to explore whether this latter feature could allow for an understanding of the running of the spectral index suggested by WMAP.
Finally, it should be noted that the conclusions of the WMAP best-fit cosmological model have been questioned, in particular the use of Lyman-α forest data [14] , and it is yet to be established that a deviation from scale-invariance or running of the spectral index is necessary in order to account for the cosmological data 4 [15, 16, 17] . Should scale-invariance be compatible with all observations, the D-term inflation/massless curvaton model could still provide a consistent basis for a model of SUSY hybrid inflation.
